Using the technique of labeled operators, compact explicit expressions are given for all traced heat kernel coefficients containing zero, two, four and six covariant derivatives, and for diagonal coefficients with zero, two and four derivatives. The results apply to boundaryless flat space-times and arbitrary non-Abelian scalar and gauge background fields.
Introduction and conclusions
Ever since its introduction by Schwinger [1] , the heat kernel of Laplace-type operators has been a useful tool to deal with one loop effective actions in quantum field theory. This due to the fact that the heat kernel provides a manifestly gauge invariant regularization of ultraviolet divergences. An additional virtue, is that, unlike the effective action, the heat kernel is a one-valued functional. The heat kernel can be applied to study spectral densities of Klein-Gordon operators and in the proof of index theorems [2, 3] , to compute the ζ-function [4] and the anomalies of Dirac operators [5] , to deal with chiral gauge theories [6] and models of QCD [7] , to the Casimir effect [8] , to compute black hole entropies [9] , etc. Exact calculations of the heat kernel at coincident points are available in particular manifolds [10, 11] or for configurations subjected to suitable algebraic constraints (of the constant curvature type) [12] [13] [14] . In the general case an asymptotic expansion in powers of the proper time, the Seeley-DeWitt expansion [15, 16] , is available. The coefficients of the expansion have been computed to rather high orders in several setups, including curved spaces with and without boundary, and in presence of non-Abelian gauge fields and non-Abelian scalar fields, using different methods [6, [17] [18] [19] [20] [21] [22] [23] [24] . The heat kernel expansion at finite temperature has been discussed in [25, 26] . A generalized heat kernel expansion around nonc-number mass terms has been introduced in [27] [28] [29] . The extension to non-commutative quantum field theory has been presented in [30] .
The standard heat kernel expansion can be regarded as a double expansion in the strength and in the number of derivatives of the background fields. It is therefore most suitable for external fields which are both weak and adiabatic, i.e., of slow space-time variation. A resummation of this expansion is provided by covariant perturbation theory [31] . Perturbation theory assumes weak but a e-mail: salcedo@ugr.es not necessarily adiabatic fields. In this paper we study a different resummation, namely, a covariant derivative expansion [32] [33] [34] . The terms of this expansion have a given number of covariant derivatives but any number of scalar fields (these fields playing the role a non-Abelian local mass term). So the fields are assumed to be adiabatic (and the gauge fields weak, to preserve gauge invariance) but the scalar fields may be strong. Using the technique of labeled operators, we are able to write in finite form the contributions to the traced heat kernel classified by the number of derivatives. Such contributions can also be regarded as generating functions for all the heat kernel coefficients of the standard Seeley-DeWitt expansion with a fixed number of derivatives. Explicit results are presented for zero, two, four and six derivatives, involving 1, 1, 6 and 52 summands, respectively. These results hold for boundaryless flat space-time but non-Abelian gauge and scalar fields. Extension to curved space-time should also be possible using the symbols method. A covariant derivative expansion to four derivatives has been obtained in [35] for the diagonal heat kernel and in [36] for the effective action, for curved space-time in the case of minimal (i.e. Abelian) scalar field and no gauge connection.
In Sect. 2 we define the covariant derivative expansion for the trace of the heat kernel and work out the lower order terms. Although the calculation could be done from scratch using the method of symbols, a shorter path is provided by the method of Chan [32] which was devised for the effective action. In that section results are presented to four derivatives. We show that after expansion of our results in powers of the scalar field the standard coefficients are recovered. Section 3 is devoted to explaining the technique of labeled operators [33, 34, 37, 38] . Such a procedure allows one to develop a calculus to deal with functions of non-commuting variables. The non-commutative version of the ordinary derivative is shown to satisfy the Leibniz and chain rules, as well as to yield a non-commutative version of the Taylor expansion. In Sect. 4 the diagonal heat kernel coefficients, within the derivative expansion, are ob-tained to four derivatives. This is done through functional variation of the traced coefficients. Unlike the standard expansion, in the resummed expansion one finds that each diagonal term comes from the traced term of the same order. This yields a consistency condition that is verified by our formulas. Section 5 gives the six derivative contribution. It is based on previous results for the effective action found in [39] . Here one important issue is that of finding either a short or a systematic expression for the result. This is due to the existence of identities among the possible gauge invariant structures, coming from integration by parts and Jacobi identities. In that section we give a relatively short expression for the six derivative contribution, which contains 52 different gauge invariant structures. In Sect. 6 we study the problem of finding a standard basis of structures for the derivative expansion of generic gauge invariant functionals. The corresponding problem in the context of the standard heat kernel expansion has been treated before by Müller [40, 41] . Some subtleties appear for the derivative expansion because the analogous of the Seeley-DeWitt coefficients are now functions (of labeled operators). So, for instance, even if the elements of a basis are complete and linearly independent it does not directly follow that the coefficients must be unique; it is at least necessary to impose permutation symmetry restrictions to the functions which play the role of coefficients of the expansion. In this last section we construct standard basis of gauge invariant structures for functionals with zero, two, four and six derivatives, with 1, 1, 6 and 37 elements, respectively. It is worth noticing that, similarly to what happens for the standard heat kernel expansion [30] , all the results presented here apply directly to non-commutative quantum field theory. This is particularly clear when such theories are formulated within the quantum phase space approach [42] , which only requires to replace the integral over coordinates by a trace on X-space. Indeed, at no place do we use special commutation properties for our symbols, except [∂ µ , ∂ ν ] = 0 which holds in the non-commutative case too.
Covariant derivative expansion of the heat kernel
Our goal is to obtain a derivative expansion for the heat kernel of the Klein-Gordon operator
Here X(x) is a multiplicative operator (i.e. an ordinary function) which is a matrix in some internal space, D µ = ∂ µ +V µ (x) is the covariant derivative, V µ (x) being a matrix in internal space. Space-time is Euclidean and flat, without boundaries and has dimension d. K acts on matter fields in the fundamental representation. The standard heat kernel expansion is of the form
τ n a n (x) .
(2.2) This is an asymptotic expansion where the a n , known as (diagonal) Seeley-DeWitt coefficients, are τ -independent local gauge covariant polynomials of dimension 2n. They are constructed with X and D µ in gauge covariant combinations. One can choose to order the expansion by powers of τ or, equivalently, by the mass dimension carried by the external fields V µ and X and their derivatives. The quantities ∂ µ , V µ and X have dimension 1,1,2 respectively. In spaces with boundary, n may take half-integer values [43] , but in our case the index n is a non-negative integer. The lowest order terms are a 0 = 1 , a 1 = X ,
In the derivative expansion the terms are classified by the number of covariant derivatives they carry, rather than the mass dimension they carry (as in the standard heat kernel expansion) so
( 2.4) where A n (x) depends on τ and contains 2n covariant derivatives. In this counting, X counts as zeroth order, [D µ , X] as first order, Z µν = [D µ , D ν ] as second order, and so on.
(Counting the dimension carried by the background fields and by τ , A n has dimension 2n.) Technically, the covariant derivative expansion can be defined by introducing a bookkeeping parameter λ by means of X(x) → X(λx) and V µ (x) → λV µ (λx), and then expanding the functional λ −1 x|e τK(λ) |λ −1 x in powers of λ. The derivative expansion is a resummation of the standard expansion, namely, if a q n denotes the pieces of a n with exactly 2q covariant derivatives (and so with n − q X's) A q (x) = n≥q τ n−q a q n (x) .
( 2.5) In what follows we will set τ = 1, i.e. remove τ from the formulas, since it can be restated at any moment by standard dimensional counting. Thus, for instance
(2.6)
In each A n , X appears to all orders. The prescription to restore τ is simply to make the replacement X → τ X, plus A n → τ n A n . For many purposes it is often sufficient to work with the functional trace of the heat kernel, Tr e K = d d x tr x|e K |x .
(2.7)
The symbol Tr refers to the full trace on space-time and internal spaces. We will use tr to denote the trace in the
